Plasma is an ionized gas in which the collective behavior dominates over the individual particle interactions. For this reason, plasma is often treated as collisionless or collision-free. However, the discrete nature of the particles can be important, and often, the description of plasmas is incomplete without properly taking the discrete particle effects into account. The weak turbulence theory is a perturbative nonlinear theory, whose essential formalism was developed in the late 1950s and 1960s and continued on through the early 1980s. However, the standard material found in the literature does not treat the discrete particle effects and the associated fluctuations emitted spontaneously by thermal particles completely. Plasma particles emit electromagnetic fluctuations in all frequencies and wave vectors, but in the standard literature, the fluctuations are approximately treated by considering only those frequency-wave number regimes corresponding to the eigenmodes (or normal modes) satisfying the dispersion relations, while ignoring contributions from noneigenmodes. The present paper shows that the noneigenmode fluctuations modify the particle kinetic equation so that the generalized equation includes the Balescu-Lénard-Landau collision integral and also modify the wave kinetic equation to include not only the collisional damping term but also a term that depicts the bremsstrahlung emission of plasma normal modes.
I. INTRODUCTION
In the context of kinetic theory, plasmas can be considered collisionless if one is interested in the study of phenomena that evolve on time scales much shorter than time scales of binary collisions. For such cases, the Vlasov-Maxwell system of equations, which is a complex set of coupled equations, may be employed. The Vlasov equation is a nonlinear partial differential equation, which is customarily solved under different degrees of approximation. Under the linear approximation, which is the simplest, it is possible to obtain the dispersion relations, which allow the identification of different modes of oscillations (i.e., eigenmodes or normal modes) that may be excited in a plasma, and how they propagate. Well-known examples may be the high-frequency oscillations known as the Langmuir wave (L) and the low-frequency oscillations called the ion-acoustic or ion-sound wave (S). These are both longitudinal electrostatic oscillations. Another well-known example may be the Alfvén wave, which is a low-frequency transverse wave that exists in a magnetized plasma. Of course, plasmas excite a host of other complicated normal modes, especially when it is immersed in an ambient magnetic field.
The dispersion relations obtained by employing linear theory provide information on the characteristics of these modes of oscillation and describe conditions under which such waves exponentially damp or grow, given a state of the plasma. However, linear theory cannot provide the necessary information about the time evolution of the system or how unstable oscillations saturate. For these one needs to incorporate nonlinear effects. The lowest order approach to incorporating nonlinear effects is the quasilinear theory, * yoonp@umd.edu which utilizes adiabatic dispersion relations that are formally identical to those described by the linear theory, but which depend on velocity distribution functions that evolve in time, on a time scale slower than that which characterizes the periods of plasma oscillations. The time evolution of the particle distribution function is governed by a diffusion equation in velocity space, with a diffusion coefficient that depends on the spectral distribution of wave energy.
The subsequent step in this chain of approximations is the weak turbulence theory, which incorporates nonlinear effects of lowest order, that is, the quadratic nonlinearity. It is represented by a set of coupled equations that describe the time evolution of particle distribution functions and the time evolution of spectral intensities of the wave modes. The weak turbulence theory was largely developed between the late 1950s and the 1970s [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and has been used since then in many studies of plasma phenomena, which are ongoing to this date [11] [12] [13] [14] [15] . The formal further development of weak turbulence theory was resumed by one of us (P.H.Y.) in recent years, starting from first principles and proceeding in a systematic way. Initially the formalism included only electrostatic oscillations, taking into account wave-wave and wave-particle interactions without considering discrete-particle effects [16] . The formalism was later expanded to include effects due to processes related to spontaneously emitted fluctuations, which come from discrete-particle effects, both for wave equations and for particle equations [17] . Further extension occurred when electromagnetic waves were incorporated into the formalism, initially without the discrete-particle effects [18] , but later by incorporating effects representing spontaneously emitted thermal fluctuations [19, 20] . The foundational equations that resulted from these developments were applied for actual applications, mostly related to quantitative analyses of nonlinear processes associated with the beam-plasma instability. Thus, numerical analyses were carried out in one or two dimensional systems, such as in Refs. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
The afore-mentioned formal developments on weak turbulence theory and numerical analyses thereof have not taken into account the collisional interaction between plasma particles. The reason had been that the time scale of the instability development, such as the growth of Langmuir waves due to the presence of a particle beam, as well as subsequent nonlinear three-wave decay and scattering processes, should be shorter than the time scale associated with binary collisional processes. However, in some of the applications that have been made, it was shown that nonlinear effects continue to operate far beyond the time scale of the instability saturation and nonlinear mode coupling, to the extent that an asymptotically steady state, or quasiequilibrium state, of the turbulent system becomes of relevance. Specifically, it was demonstrated that plasma in such a "turbulent equilibrium" state can be associated with a background of electromagnetic radiation [30, 32] . It was also shown that the long-range, asymptotic state of the turbulence is associated with the inverse power-law velocity distribution function called the "kappa" distribution [25] [26] [27] . It is therefore pertinent to raise the question whether collisional processes can play a role in these processes of long-time evolution or not, even in tenuous turbulent systems.
In addition to the interest motivated by the above-mentioned theoretical conjecture and fundamental plasma physics issues, another salient point may be that there are space plasma phenomena whose explanation requires the presence of beams of particles under the influence of collisional processes. The prime example may be the emission of x rays via bremsstrahlung, by electrons traveling in the solar chromosphere [33] [34] [35] . There is evidence that suggests that the generation of Langmuir waves due to the presence of a beam may have influence on the velocity distribution of the x-raygenerating electrons [36] , such that without properly taking the wave phenomena into account, the correct interpretation of the x-ray spectra collected by spacecraft in the source region may not be achieved [37] [38] [39] .
It is therefore deemed necessary that the long-time evolution of the beam-plasma system, and possibly other physical systems, may have to be reconsidered by taking into account not only the wave-particle and wave-wave interactions, but also the collisional interactions as well. In the literature, it is not difficult to find examples of studies that include collisional effects in the particle equation, but hardly any in conjunction with and within the context of the formalism of weak turbulence theory [40] . This is especially true if one is concerned with plasmas in tenuous space environments. For the equations that describe the evolution of the wave intensities, collisional effects are sometimes included, often in the form of a collisional damping term, but such a term is customarily introduced via heuristic arguments, instead of being derived from first principles of the kinetic theory [41] .
These considerations motivate the present analysis, in which we start from first principles of kinetic theory and reformulate the standard weak turbulence theory, keeping contributions that arise from electrostatic fluctuations that are normally ignored in the literature. The approach to be used in the paper can be introduced as follows. The N -body probability distribution function in phase space (r,p), called the Klimontovich function, N a (r,p,t), defined by
plays a central role in the kinetic theory of a classical manybody system. In the above r a j (t) and p a j (t) are exact particle orbits for the j th particle of species a, v
, where F a (r,p,t) is the microscopic force that governs the interactions among the classical particles. For ionized gas, i.e., plasmas, F a is, of course, the Lorentz force, F a (r,v,t) = e a E(r,t) + (e a /c)v×B(r,t), where a = e,i represents the electrons and ions, respectively, e a = −e for electrons and e a = e for ions (protons), e being the unit electric charge, and E and B are electric and magnetic field vectors, respectively, satisfying Maxwell's equation. The governing equation that determines the time evolution of the Klimontovich function in phase space is equivalent to the Liouville equation for exact phase space mapping. Together with the Maxwell's equation, the fundamental equations for plasmas are thus given by
In Eq. (1.2), the other two equations of Maxwell's equations, ∇·B = 0 and ∇·E = 4π a e a dpN a are implicit. The above exact dynamical equation for N a (r,p,t) contains no microscopic dissipation. The dissipations, be they collective or collisional, arise as a result of the loss of information from the ensemble average procedures. The one-particle distribution function, f a (r,p,t), is the ensemble averaged Klimontovich function:
The Vlasov equation is formally identical to the first of Eqs. (1.2), except that the equation describes the dynamical path of the smoothed ensemble averaged function f a (r,p,t). For plasmas, the Vlasov-Maxwell equations are thus given by
c a e a dpvf a (r,p,t) = 0.
(1.4)
The Klimontovich and Vlasov equations, (1.2) and (1.4), are mathematically identical. The only difference is the initial configuration. In the case of the Klimontovich equation, the initial condition contains the information on the discrete nature of the particles, N a (r,p,0) =
as evidenced from singular delta function conditions. In contrast, the Vlasov equation acts upon the smoothed, or ensemble averaged one-particle initial distribution function, f a (r,p,0). It is the discrete particle property that determines the importance of binary collisions or spontaneous thermal fluctuations. The purely collisionless plasma corresponds to the limit of g = 0, where g is the plasma parameter defined by g = 1/(nλ 3 De ), λ De = T e /(4πne 2 ) being the Debye length.
Here T e is the electron temperature defined in the unit of energy andn is the ambient number density. For a finite g, the discrete particle effects become nonnegligible. Conceptually, the Vlasov equation describes the situation for g = 0. The more general Klimontovich equation, on the other hand, is applicable for small but finite g, for which binary collisions and effects owing to spontaneous thermal fluctuations become nonnegligible. In the literature on collisional effects on the wave dynamics, sometimes the collisional operator is simply added to the right-hand side of Eq. (1.4) in an ad hoc manner [42] ,
where b C ab (f a ,f b ) represents the collision operator, and sometimes the discussion of collisional effects is made in a context in which nonlinear effects do not play effective role [40] . For numerical analysis of the relatively dense plasmas discussed in fusion research, collisional effects have been applied for decades in the context of quasilinear theory, by simply adding the collision operator to the right-hand of the equation for the time evolution of the particle distribution function [43] [44] [45] [46] [47] . It is also a common approximation in the literature to heuristically replace the collision operator by an effective collision frequency,
With this approximated collision operator, upon linearization of the resulting equation and upon coupling the perturbed particle distribution function with the wave equation, the particle collision frequency then gets absorbed into the wave-particle resonance conditions, ω − k·v − iν coll = 0, and thereby the collisional damping rate is calculated. In short, in the standard heuristic treatment of the collisional effects on wave phenomena, the particle collision frequency automatically gets translated to the wave collisional damping rate. However, the procedure found in the literature is not rigorous. The proper procedure is to derive the collision integral on the basis of the equation for exact phase space mapping, i.e., Eq. (1.2). The collisional integral should emerge only as a result of systematic statistical averaging procedure and upon introducing a hierarchy of correlations. Moreover, the collisional damping rate for plasma waves must be computed independently of the effective particle collision frequency. The purpose of the present paper is to discuss the correct way of incorporating the collisional dynamics in the plasma turbulence from the standpoint of first principles. Starting from the correct governing microscopic equation (1.2), namely, the Klimontovich equation with no ad hoc collision term on the right-hand side and having no microscopic dissipation, it will be shown that upon introducing a hierarchy of correlations and ensemble averages, a particle kinetic equation that contains both the collective effects, spontaneous thermal effects as well as collision integral emerges, while at the same time, the generalized wave kinetic equation that contains the collective linear and nonlinear wave-particle interaction terms, nonlinear wave-wave interaction terms, and collisional damping terms emerges.
The present paper is organized as follows. In Sec. II we present the basic formalism of weak turbulence theory, including discrete particle effects, and obtain formal kinetic equations for waves and particles. In Sec. III we discuss with further details the application of the basic formalism to the analysis of the nonlinear evolution of linear modes of plasma, discussing the different mechanisms which can be identified in the kinetic equations. In Sec. IV we present a detailed analysis on the extension of the weak turbulence formalism, which can be made by taking into account the effect of noneigenmodes of plasma, that is, the effect of fluctuations which do not satisfy the dispersion relations for normal modes of plasma, and show that these new effects lead to a collisional term in the particle equations, and to terms which can be identified as collisional damping and as emission of electrostatic waves by collisional processes, in the equation for the evolution of the spectral wave intensities. Section V is dedicated to final comments on the work which has been presented in the paper and on possible developments to be obtained with application of the formalism.
II. WEAK TURBULENCE FORMALISM INCLUDING DISCRETE PARTICLE EFFECTS

A. Nonlinear plasma kinetic equation
In what follows, let us assume that the plasma under consideration is immersed in a field-free environment, and the predominant mode of interaction is the electrostatic force. Under such a situation the basic equation (1.2) reduces to
It is useful to consider the Klimontovich function (1.1) describing the phase space evolution of free particles (ideal gas) that do not interact with each other, We also define the fluctuation of the free streaming Klimontovich function:
Upon assuming that the ensemble average of the free streaming Klimontovich function is, in fact, the same as the one-particle distribution function, 
(2.12)
Note that one could include the initial phase space positions of the free-streaming particle position in the above definition,
However, in the end, the initial particle position becomes irrelevant, as we shall see shortly. Equation (2.12) is, thus, a convenient shortcut definition. From this we have
(2.13) Note that the inclusion of initial particle positions would not have made a difference since the delta-function condition δ ab exactly cancels out the difference in the initial position vectors r a0 − r b0 . For free-streaming particles
Thus we have
To summarize, the set of self-consistent equations, which forms the basis for nonlinear plasma turbulence theory including the effects of single-particle fluctuations, are given by the formal particle kinetic equation, i.e., the equation for f a (r,p,t) [Eq. (2.5)], the equation for perturbed distribution function δN a (r,p,t) [Eq. (2.11)], the wave equation (2.7), and the definition (2.15). It is convenient to work in the spectral representation. We assume that the perturbed quantities are functions of two distinct time scales, the fast time scale of the fluctuations, t , and the slow time scale of the evolution of the distribution function and the wave amplitude, t. This means that we may express δN a (r,p,t) → δN a (r,p,t,t ), δN 0 a (r,p,t) → δN 0 a (r,p,t,t ), and δE(r,t) → δE(r,t,t ). We are henceforth interested in spatially uniform system, f a (r,p,t) = f a (p,t). We assume that the perturbations can be decomposed in the sense of the customary Fourier-Laplace transformation over the fast time scale of the fluctuations, t , while the amplitudes of the spectra vary in the slow time scale, t,
where the integration L dω is taken along the path L stretching from ω = −∞ + iσ to ω = ∞ + iσ (σ > 0 and σ → 0). In the Fourier-Laplace transformation defined above, the time dependence of the spectral amplitudes δN a kω (v,t) and δE kω (t) is assumed to be slow and adiabatic. These quantities are calculated as if they are independent of time on the fast wave scale (t ∼ ω −1 ). We also write the electrostatic field in terms of the potential:
Then, in the two-time step approximation, the relevant equations are
The Fourier transformation of the free streaming particle fluctuations, δN
where → 0 + and τ = |t − t |. The above definition reduces to the customary Fourier transformation for = 0 exactly. From this we have
For stationary and homogeneous turbulence (which means that the correlation of two fluctuating quantities depend only the relative time and distance, not on absolute values; of course, such an assumption is violated when the underlying turbulence exhibits intermittent behavior), the cumulants of two fluctuating quantities A(r,t) and B(r,t ) are a function of the relative distance and relative time only:
In spectral representation, this implies
or more generally,
This simplifies the formal particle kinetic equation (2.18) . At this point, we make the approximation by formally absorbing the slow time derivatives into the definition for the angular frequency, 26) and suppress the slow time t henceforth, until we reintroduce it at an appropriate later stage. Employing the above approximations we now have a set of equations that forms the basis of subsequent weak turbulence analysis:
Let us introduce the following short-hand notations:
We also omit δ for the perturbed quantities. Then the nonlinear equation for the perturbed distribution can be expressed compactly as
B. Iterative solution of nonlinear equation for perturbed distribution
To solve the nonlinear equation for N a q , we employ iterative means, 33) under the assumption that each order in the perturbative expansion is of the similar magnitude with the electric field perturbation of the same order:
Under this assumption, let us write the iterative solution order by order. Then we have to the third order:
The truncation of the iterative solution up to third order (or for that matter, any finite order) implies that the perturbation expansion in electric field wave amplitude is valid. This assumption is one of the key ingredients of the weak turbulence theory where the wave energy density is assumed to be sufficiently lower than the particle thermal energy. For a highly turbulent system, the perturbation expansion fails. Theories that attempt to partially sum the infinite series such as Eq. (2.33) are known as the renormalized kinetic theory. The present paper does not discuss such a theory. For interested readers, see, e.g., a recent monograph by Diamond et al. [48] . The effects of single particles are embodied by the term N a0 q in the equation for N a (1) q . This term will be treated as a correction term to the collective term k·g q f a φ q . This will be justified a posteriori by the fact various terms in the particle and wave kinetic equations that owe their existence to the single-particle effects turn out to be proportional to the so-called plasma parameter
De ) (the inverse of the number of plasma particles within a sphere with radius equal to the Debye length), which is generally very small for plasmas. Consequently, we may ignore nonlinear terms that arise from N a0 q term. An iterative solution is thus given by
We may add the results to obtain the net solution. However, we symmetrize the final expression with respect to the dummy integral variable:
Let us now combine the solution (2.37) and the perturbed Poisson's equation (2.29):
(2.38)
We next define the various response functions for each species, 41) and the total susceptibilities by summing over the particle species:
The definitions and notations of the various dielectric susceptibilities are consistent with Ref. [9] . Then Eq. (2.38) may be reexpressed as
Multiplying φ −q to Eq. (2.43), and taking the ensemble average, we have
Next, let us multiply N a0 −q (p) to Eq. (2.43) and take the average. Then we replace q by −q to obtain
We make use of Eq. (2.30) and the property (−q) = * (q) to arrive at 
where we have made use of
Note that we use summation and integral over q = (k,ω) interchangeably in the present paper, that is, q = dq = dk dω.
C. Three-body cumulants and nonlinear spectral balance equation Equation (2.47) shows that we need to obtain third-order cumulants, φ q φ q−q φ −q , and φ −q φ −q+q N a0 q (p) . We may construct these quantities from Eq. (2.43) by ignoring the third-order nonlinearity at the outset. We first note that the three-body cumulants are zero if nonlinear terms are neglected, since the linear eigenmodes are essentially plane wave solutions such that odd moments of the wave amplitudes vanish upon taking the ensemble average. Consequently, if we write the perturbed field as a sum of the plane-wave solution that satisfies the linear wave equation plus the correction owing to nonlinear terms, φ q = φ 
The quantity φ q φ q−q φ −q can be constructed by successively making use of Eq. (2.49) for each of φ q , φ q−q , and φ −q ,
After inserting Eqs. (2.49) to (2.50) we omit the superscript (0) on the right-hand side to obtain
Making use of the symmetry property, 52) and decomposing the four-body cumulants as products of two-body cumulants while ignoring irreducible components, thereby closing the hierarchy of correlations,
we obtain
.
The closure scheme introduced in Eq. (2.53), namely, ignoring the irreducible four-body cumulant, is the simplest closure, which in the theory of neutral fluid turbulence, is known as the quasinormal closure [49] . Let us insert Eq. (2.54) to Eq. (2.47). The result is (v) . In this way, the contributions from all the necessary third-order cumulants to Eq. (2.55) can be obtained.
After some tedious but otherwise straightforward algebraic manipulations, one may derive the nonlinear spectral balance equation,
D. Formal nonlinear wave kinetic equation
At this point, we reintroduce the slow-time derivative, which was formally absorbed into the definition for new angular frequency in Eq. (2.26). Such a procedure was an approximate and heuristic treatment since the angular frequency ω appears in Eq. (2.19) in many places without the slow-time derivative. In fact, the only place where ω appears with the slow-time derivative factor i∂/∂t is on the left-hand side of the equation for perturbed distribution. Consequently, when we extract the slow-time derivative from the angular frequency, we should be careful to implement it only in the leading term, namely, the linear response function:
More rigorous method is to employ mathematical multiple time-scale perturbation analysis, as discussed in Ref. [5] . The present paper adopts the above heuristic approach. The reason for factor 1/2 above is because the time derivative ∂/∂t is supposed to operate only on E q within the ensemble average E 2 q = E q E −q , but since both E q and E −q are affected by ∂/∂t, we simply divided the net result by the factor 2. This leads to
2 a dp δ(ω − k·v)f a (p)
2 a dp δ(ω − k ·v)f a (p)
where we have resorted back to the long-hand notation. 37) . It is possible to retain corrections to the particle kinetic equation. In fact, Refs. [7, 50] considered just such a problem, but they found that the nonlinear modification only leads to a small correction to the velocity-space diffusion coefficient. Substituting this to the quantity φ −q N a q on the right-hand side of Eq. (2.60), we have
This results in the desired formal particle kinetic equation:
Formal particle kinetic equation (2.62) together with the formal nonlinear wave kinetic equation (2.59) provide the basis of subsequent analysis of traditional weak turbulence theory that includes contributions from the linear eigenmodes only, as well as the more general weak turbulence theory for collisional plasmas that takes into account the additional contributions from fluctuations that are not characterized by the linear dispersion relations, i.e., the noneigenmode contributions.
III. CUSTOMARY WEAK TURBULENCE THEORY FOR LINEAR EIGENMODES
The customary weak turbulence theory found in the literature is tantamount to taking only the contributions from the linear eigenmodes. The basic idea is the following: the general electrostatic fluctuations E 2 k,ω are characterized by all k and ω. However, in the customary theory, the assumption is made such that only those ω that satisfy the dispersion relation, ω = ω k are important so that fluctuations characterizing noneigemodes, ω = ω k , are ignored. The starting point is Eq. (2.59). The imaginary part of Eq. (2.59) leads to the wave kinetic equation. The real part of the same equation leads to the wave dispersion relations. The real part of Eq. (2.59) has linear and nonlinear terms, as well as terms associated with discrete-particle effects. The discrete-particle terms in Eq. (2.59) are those terms associated with f a (p), and these terms will eventually be responsible for various spontaneous emission and scattering process. In the customary approach, as far as the real part of Eq. (2.59) is concerned, nonlinear terms and spontaneous emission terms are ignored, thus leading to
If one does not ignore the nonlinear terms in the real part of Eq. (2.59), then one obtains a theory either of nonlinear frequency shift of linear eigenmodes [51] or of nonlinear eigenmodes [52] . These will not be discussed here. We denote the dispersion relation Re (k,ω α k ) = 0, so that we may express the electric field fluctuation in terms of the eigenmode intensity by
where I σ α k is the intensity for each eigenmode, α = L,S denotes the eigenmode or normal mode of the plasma, namely, Langmuir and ion-sound (or ion-acoustic) modes, respectively, whose respective dispersion relations are given by
where ω pe = (4πne 2 /m e ) 1/2 is the plasma frequency, λ De is the Debye length introduced earlier, T i and T e are ion and electron temperatures, respectively, and m e and m i are electron and proton masses, respectively. Then the imaginary part of Eq. (2.59) can be manipulated to yield
Since the linear eigenmodes satisfy the dispersion relation,
where a short-hand notation
is used. The following relations hold for linear eigenmodes ω = σ ω α k , where α = L,S:
Equations (3.5) and (3.7) lead to the reduction of Eq. (3.4):
This is the formal wave kinetic equation for conventional weak turbulence theory, which involves only the linear eigenmodes, namely, α = L and S. In this formalism, contributions from noneigenmode portions of the electric field fluctuations E 2 k,ω =σ ω k are ignored. We will investigate the effects of including noneigenmodes in the generalized weak turbulence theory later. For the moment, we note that the first term on the right-hand corresponds to the induced emission, and the second term depicts the spontaneous emission. The third term represents the induced scattering, the fourth term describes the spontaneous scattering, and the final term depicts the decay processes. Of the terms depicting the decay processes, the first two terms within the large brackets are responsible for the induced decay process, while the final term corresponds to the spontaneous decay. We next calculate specific forms of each term in the above wave kinetic equation.
A. Induced and spontaneous emissions
We make use of nonrelativistic definition for momentum-velocity relation, p = m a v, henceforth. Let us introduce the velocity distribution function with the ambient density explicitly taken out of the definition:
The induced emissions terms are given by
where we have made use the definitions for the linear dielectric response function (2.39). Spontaneous emission terms are given by
B. Induced and spontaneous decay processes
Reference [9] discusses the various approximate and limiting forms of the nonlinear susceptibilities. We also make use of results obtained by one of us (P.H.Y.) in his earlier publications [16, 17] in subsequent simplifications of various nonlinear susceptibilities. The following limiting forms for the second-order susceptibility are useful: In the above v a th = √ 2T a /m a is the thermal speed for particle species a. The following approximate properties of third-order nonlinear susceptibility will also be used: 
Making use of Eq. (3.12), the decay processes can be obtained, following Refs. [16, 17] . We note that the second-order nonlinear susceptibility is largely determined by the electrons, since the electrons with low mass are much more mobile than the ions, thus responding to perturbed electric field much more rapidly. We also note that Langmuir waves are fast waves satisfying ω 
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The first terms on the right-hand sides represent the spontaneous decay processes, while the remaining two terms correspond to induced decays.
C. Induced and spontaneous scattering processes
For this process, earlier Refs. [16, 17] discussed the derivation in detail. For L mode, Refs. [16, 17] shows that the most important terms are induced scattering involving two L modes. For the second-order nonlinear susceptibility of relevance to such a process, one may treat σ ω L k − σ ω L k as the slow mode. One may also approximate the real part of the dielectric
De . The imaginary part of the above dielectric constant has both electron and ion contributions. Upon treating the imaginary part as a small quantity, one may expand the term 1
The third-order nonlinear susceptibility can also be approximated by treating σ ω L k − σ ω L k as arbitrary (slow mode) frequency. The resulting expression, which was derived in the above references, is given by
For S waves, Refs. [16, 17] discuss that the most important terms are those related to two S mode waves nonlinearly interacting with the ions. The basic derivation that can be found in the above references is similar to that of L mode scattering problem, which will not be repeated here. Instead, we present the final result,
where
Spontaneous scattering terms are given by [17] 
For the Langmuir waves Ref. [17] obtains 
D. Langmuir and ion-sound wave kinetic equations
Following the convention employed in Refs. [16, 17] , we renormalize the ion-sound wave intensity with the factor μ k explicitly absorbed into the definition of the wave intensity:
We then obtain the following wave kinetic equations for the Langmuir (L) and ion-sound (S) modes, which can be constructed by adding all the terms that we have derived, namely, the induced emission terms in Eq. (3.10), terms representing the spontaneous emission, Eq. (3.11), terms depicting (spontaneous and induced) decay processes (3.14), induced scattering (3.15) and (3.16), and spontaneous scattering (3.19) and (3.20) . Adding all the terms lead to the wave kinetic equations for linear eigenmodes for which only the contributions from linear eigenmodes in the electric field fluctuations are taken into account; see Eq. (3.2). The result is 22) where the spontaneous emission terms are defined by
the induced emission terms are associated with the collisionless (Landau) damping rates, defined by
the decay coefficients are redefined by absorbing the three-wave resonance delta functions,
the spontaneous scattering terms are defined in terms of the coefficients, 26) and finally, the induced scattering terms are defined in terms of the coefficients:
In the induced emission term the Landau damping rate can become positive (instability) when the distribution has a positive velocity gradient. The induced scattering is sometimes called the nonlinear Landau damping. For L mode, the induced scattering or nonlinear Landau damping has two pieces, one associated with the ions, i.e., the term with F i (v), and the other associated with the electrons, F e (v). Of the two, the ion Landau damping, also called the scattering off thermal ions, is the dominant term, and the electron Landau damping can be ignored for all practical purposes. However, we retain the electron term for the sake of completeness. In Eq. (3.27) the coefficient W k,k is defined by Eq. (3.17).
E. Electron and ion particle kinetic equations
The particle kinetic equation in the conventional weak turbulence theory that takes only the linear eigenmode contributions into consideration was already derived in Ref. [17] :
IV. WEAK TURBULENCE THEORY INCLUDING COLLISIONS: EFFECTS OF NONEIGENMODES
A. Absence of noneigenmode contribution to quasilinear wave kinetic equation
Consider Eq. (2.59) without nonlinear terms:
We reiterate that the dielectric constant is given by [see Eq. (2.39)]
Taking the real part of Eq. (4.1), we have
Notice two regimes of the wave number-frequency space. If one is interested in the region of (k,ω) space for which | (k,ω)| 2 = 0, then one may balance the left-and right-hand sides of the above equation by writing
where take such a contribution into account. Instead, the traditional theory is concerned only with the eigenmode contributions, as we have already outlined in Sec. III. Equation (3.1) defines the dispersion relation for the eigenmodes, where one is concerned with the vicinity of the zeros of Re (k,ω). In the generalized theory, we may treat both the eigenmode and noneigenmode fluctuations by defining a quantity
Then the function k,ω becomes the total eigenfunction of Eq. (4.3):
Consequently, k,ω can be expressed as Thus, we encompass two situations, that is, the collective modes that satisfy the eigenmode condition and the noneigenmode contribution, 
We next make use of Eq. (3.5) to write the denominator * (k,ω) on the right-hand side as the sum of the principal part and the eigenmode contribution, and use as well Eq. (4.5):
Within the definition for δE 2 0
k,ω appears the dielectric constant (k,ω). Since the argument of (k,ω) excludes the eigenmodes, the second term on the left-hand side of Eq. (4.12) is implicitly taken with the principal value. This means that it exactly cancels out the first term on the right-hand side of Eq. (4.12). If we assume that ∂ δE 2 0 k,ω /∂t = 0, then we are left with
(4.13)
If we remove the common factor, σ =±1 α δ(ω − σ ω α k ), then we obtain 14) which is none other than the first two terms on the right-hand side of the conventional weak turbulence wave kinetic equation (3.22) that are dictated by linear wave-particle resonance conditions, σ ω α k − k·v = 0. This shows that in the (quasi-) linear theory, noneigenmodes do not affect the wave kinetic equation.
033203-18
B. Particle kinetic equation including collision integral
Unlike the (quasi-) linear wave kinetic equation, the influence of noneigenmode electric field fluctuations on the particles is important, and it leads to the collision integral. 
(4.15)
Upon carrying out the ω integration, and making use of the definition for Im (k,ω), we readily obtain the generalized particle kinetic equation that includes both the eigenmode and noneigenmode contributions:
In the above, the first term on the right-hand side comes from noneigenmodes, while the second term represents the contribution from plasma normal modes. In Eq. (4.16), we have expressed the final result in terms of F a , where the velocity distribution is defined by taking the ambient density factorn out of the distribution function, f a =nF a . Equation De ) is supposed to be small in order for the ionized gas to qualify as plasma, it can be seen that the quantity must be large. In the present discussion, however, we do not make the approximation to the dielectric constant that leads to the Landau collision integral, but rather, we adopt the approximation (4.17) . This leads to
Note that the collision integral (the first term on the right-hand side) is but a variation of the Balescu-Lenard collision integral, or a modified Landau collision integral, the discussions of which can be found in the standard literature. The effects of noneigenmode fluctuations on the particle kinetic equation is thus to add the collision integral to the standard Fokker-Planck type of particle kinetic equation given by Eq. (3.28). This is not entirely new, although the systematic exposition of the mutual relationship between the eigenmode versus noneigenmode contributions to each term within the particle kinetic equation (4.18) may not have been made clearly in the existing literature. The real novelty and significance of the noneigenmode fluctuations appear in the wave dynamics, which we turn to next.
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In the above, we have indicated the new terms corresponding to noneigenmode fluctuations by overbraces in order to aid visual identification. Of the various terms above, if we are interested only in nonlinear terms that arise from collective excitations and spontaneous fluctuations in the eigenmode range, then we can ignore all source fluctuations associated with the superscript 0, that is, the terms indicated by overbraces. In that case, one obtains the same results as Eqs. (3.8) or (3.22) .
We now consider the correction terms coming from noneigenmode source fluctuations. Retaining only the correction terms, Eq. (4.19) is now written as
A slightly more rigorous discussion of the collisional damping formula can found, e.g., in a monograph by Melrose [8] , according to which, first, the bremsstrahlung radiation formula is derived by considering the single particle dynamics. The essential formula for the radiation power is generalized to an ensemble of charged particles by multiplying the single-particle formula by the particle number density distribution [see Eq. (3.81) of Ref. [8] [38] includes the collisional damping of Langmuir waves in their discussion of wave-particle interactions of the solar flare electron context; see Eq. (3) of Ref. [38] . However, strictly speaking, the collisional damping rate discussed in Ref. [8] rigorously applies to the transverse radiation only. Also, simply invoking the Kirchoff's law to determine the collisional damping rate is not entirely self-consistent. In contrast, the present formalism actually derives the Kirchoff law plus other terms within the wave kinetic equation.
The third new effect, namely, the modification of the spontaneous scattering term via noneigenmode contributions has not been discussed in the literature. The ramifications and actual applications of the present improved weak turbulence formalism will be carried out in the future, but for the moment, the subsequent exposition is by necessity, formal.
(4.29)
Noneigenmode correction to spontaneous scattering
The noneigenmode corrections to the spontaneous scattering comes from the term indicated by the underbrace in Eq. (4.25):
For the second-order susceptibility χ (2) for L mode, χ (2) 
, and the ion partial susceptibility for S mode, χ
, lend themselves to the well-known approximation, namely,
However, to compute the electron partial susceptibility χ (2) e (k ,σ ω S k |k − k ,0) requires fundamental reconsideration since in this case, both arguments representing angular frequencies are slow modes. We thus manipulate the original definition (2.40) and write
Upon assuming that the bulk electron population can be approximated by a Gaussian distribution we may trivially carry out the velocity integrations. Since ω S k k v T e , we may ignore ω S k in comparison with k ·v. This readily leads to
Gathering all the results, namely, Eqs. (4.31) and (4.33), the correction term to the spontaneous scattering effects that arises from noneigenmodes, Eq. (4.25), is now given by
(4.34)
Collisional damping
The terms in the wave kinetic equation (4.25) which describe collisional damping are given by the new term designated by subscript A:
The collisional damping terms above are associated with the following approximate forms of the nonlinear susceptibilities:
For the third-order susceptibility, in the case of ω = σ ω L k , both electron and ion susceptibilities pertain to two slow modes and one fast mode, for which we do not have standard approximate formula [see Eq. (3.13)]. We thus write down the specific expression on the basis of the general definition (2.41): kv T e , the electron susceptibility can be approximated bȳ
For the ions, we have the same situation as Eq. (4.37), namely, two slow modes and a fast mode: 
where we have a trivial change of integral variable, k ↔ k − k . Collecting all the results, we may finally write the generalized wave kinetic equation that includes contributions from noneigenmode fluctuations, and which directly extends the customary weak turbulence wave kinetic equation (3.22) - (3.27) , 
V. SUMMARY AND DISCUSSION
The present paper formulated the weak turbulence theory that includes effects of binary collisions as well as collective processes. For the sake of simplicity, unmagnetized plasmas interacting through electrostatic force were considered. In spite of this simplification, the new formulation presented in this paper extends the customary formalism found in the literature. The new aspect of the theory pertains to the issue of treating the spontaneously-emitted electrostatic fluctuations in a complete fashion. The spontaneous emission is a discrete-particle effect, and thermal plasmas emit such fluctuations in all frequencies and wave vectors (ω,k). However, in the customary literature, these fluctuations are approximately treated by considering only those frequency-wave number regimes corresponding to the eigenmodes, ω = ω k , while ignoring contributions from noneigenmodes, ω = ω k . In the present paper, we include the noneigenmode contribution to the electrostatic fluctuations and rigorously show that a systematic weak turbulence theory that encompasses collisional processes emerges.
In the literature, collisional effects are sometimes included in the particle kinetic equation, but not in conjunction with and within the context of the weak turbulence theory, developed from first principles. It is customary simply to add a collisional term to the right-hand side of a linearized particle kinetic equation, approach which is particularly common in the literature that deals with the collisional transport processes in fusion research. On the other hand, in the literature related to the analysis of the time evolution of wave modes, a collisional damping term is sometimes added to the right-hand side of the wave kinetic equation, with the damping rate directly related to the effective particle collision frequency which is obtained from the particle kinetic equation. However, these procedures found in the literature are not rigorous. The present paper lays out a proper procedure in which the collision integral for the particles and a rigorous wave collisional damping rate are derived on the basis of the Klimontovich system of equations. The result comprises of the particle kinetic equation that contains both the collective effects, spontaneous thermal effects as well as collision integral [Eq. (4.18)], and the generalized wave kinetic equation that contains the collective linear and nonlinear wave-particle interaction terms, nonlinear wave-wave interaction terms, collisional damping terms, as well as terms that depict the bremsstrahlung emission of plasma eigenmodes [Eq. (4.42)].
